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The recent experimental results on neutrino oscillation and on muonium-antimuonium conversion
require extension of the minimal 3-3-1 model. We review the constraints imposed to the model by
those measurements and suggest a pattern of leptonic mixing, with charged leptons in a non-diagonal
basis, which accounts for the neutrino physics and circumvents the tight muonium-antimuonium
bounds on the model. We also illustrate a scenario where this pattern could be realized.
PACS numbers: 12.15.Ff, 14.60.Pq, 12.60.Cn .
I. INTRODUCTION
The minimal 3-3-1 [1] model is an alternative to the
standard model (SM) of the electro-weak interactions
that, among other noteworthy features, presents an in-
teresting leptonic phenomenology due to the presence
of bileptons. The charged currents involving the vector
bileptons V ± and U±± allow for a number of rare pro-
cesses, among them is the muonium-antimuonium(M −
M) conversion.
Presently, there are two sources of experimental con-
straints claiming an extension of the minimal model. One
of them stems from the recent experimental results that
corroborate the neutrino oscillation hypothesis [2, 3, 4, 5].
In this regards, it was shown in Ref. [6] that the model
disposes of a potential that leads to a type II seesaw
mechanism when we consider terms that break explicitly
the lepton number. This means that the model leads nat-
urally to small neutrino mass, as usually required by the
neutrino oscillation hypothesis. However small neutrino
mass is not the whole issue in neutrino physics once neu-
trino oscillation requires neutrino mixing. It was shown
in Ref. [7] that the minimal model is unable of generat-
ing the pattern of neutrino mixing required by solar and
atmospheric neutrino oscillation[7].
The other source of constraints on the model comes
from the limits imposed on the M −M conversion. In
Ref. [8], it was posed that such a constraint implies a
lower bound on the doubly charged vector bilepton in
the minimal 3-3-1 model, MU++ ≥ 850 GeV, which is in
clear contradiction to the predicted upper bound required
by self-consistency of the model, namely, MU++ ≤ 600
GeV [9].
As we have two different sources of constraints imply-
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ing that for the minimal 3-3-1 model to be viable it has
to be extended, and both involve its leptonic sector, it
seems interesting to look for extensions that could lead
to the desired pattern of neutrino mixing and simulta-
neously get rid of the M −M bounds. This is the aim
of this work, and we shall carry on this proposal dealing
with the leptonic mixing.
This work is organized as follows. In section II we
present the leptonic sector of the minimal 3-3-1 model,
highlighting the aspects that are relevant to our analysis.
In section III, we show how it is possible to simultane-
ously be consistent with neutrino data and circumvent
the bound imposed by the non-observation of M − M
conversion setting an appropriate mixing in the leptonic
sector. We also present the texture of the leptonic mass
matrices that would lead to such a mixing and suggest a
suitable way in which this scenario can be realized, ad-
dressing its phenomenological situation. We finally con-
clude in section IV.
II. LEPTONIC SECTOR OF THE MINIMAL
3-3-1 MODEL
Before addressing the main point of our investigation,
it is worthwhile to review how the lepton masses are gen-
erated in the minimal 3-3-1 model. The Yukawa interac-
tions that lead to these masses are given by,
LYl =
Gab
2
(ΨaL)cS
∗ΨbL +
Fab
2
Fabǫ
ijk(ΨiaL)cΨjbLη
∗
k
+H.c, (1)
where a, b label the different families and i, j, k =
1, 2, 3 label the elements of each multiplet, with ΨaL =
(νa, ea, e
c
a)
T
L, η = (η
0, η−1 , η
+
2 )
T and the sextet S,
S =

 σ01 h−1 s+2h−1 H−−1 σ02
h+2 σ
0
2 H
++
2

 . (2)
2In general non-diagonal matrices Ml and Mν can be
diagonalized as follows,
MDl = V
†
eLMlVeR , M
D
ν = V
†
νMνVν , (3)
where Ml,ν is the mass matrix in the interaction basis,
and MDl,ν is the mass matrix in the mass basis. The
matrices V transform the lepton fields from the interac-
tion eigenstates into mass eigenstates and, in principle,
they are different for left-handed and right-handed fields.
These diagonalization matrices combine themselves in
the charged current of the model which, after the 3-3-1
breaking to the SU(3)c ⊗ U(1)EM , is given by (omitting
family indices):
LCCl = −
g√
2
eLγ
µOW νLW
−
µ −
g√
2
(eR)cO
V γµνLV
−
µ
− g√
2
(eR)cO
UγµeLU
−−
µ +H.c. , (4)
where OW = V TeLVν , O
V = V TeRVν , and O
U = V TeRVeL
are the mixing matrices. While the experimental data
concerning neutrino oscillation give information on the
possible values for the elements of OW , we have no such
information on the elements of OV and OU . We also note
that since the right handed mixing matrix VeR enters into
the charged current interactions through bilepton-lepton
coupling, the leptonic mixing results more complex than
we would expect in simple extensions of the SM.
The mixing matrices appearing in this work are all of
the Maki-Nakagawa-Sakata (MNS) type[10] and we will
be considering the simplest case of a zero CP violating
phase, since this phase is irrelevant throughout our anal-
ysis. This implies that these matrices are real, and the
hermitian conjugate of the matrices involved are simply
their transpose. We then adopt the following parameter-
ization for these matrices OW ,V ,U ,(
c12c13 s12c13 s13
−s12c23 − c12s13s23 c12c23 − s12s13s23 c13s23
s12s23 − c12s13c23 −c12s23 − s12s13c23 c13c23
)
,
(5)
where, as usual, sij and cij denote sines and cosines of
their arguments θij . This parameterization will be used
in section III when we discuss the appropriate pattern for
lepton mixing which would allow us to get rid of theM−
M bound, and still be consistent with neutrino physics.
III. COULD M −M CONVERSION BE ABSENT
IN 3-3-1 MODEL?
As we saw in section II the leptonic sector of the 3-3-1
model presents three mixing matrices OW , OV , and OU .
It is opportune to observe that these mixing matrices
are not completely independent of each other, since they
involve products of the lepton diagonalization matrices
Vν , VeL, and VeR. In the case of a diagonal charged lepton
basis VeL and VeR are also diagonal, leading to a diagonal
mixing matrix for the interactions among U±± and the
leptons. Hence, as we want to find a way of overcoming
the M −M bound by fixing an appropriate form for the
matrix OU , we must consider the leptonic sector in a non-
diagonal charged lepton basis. Then, our first task is to
determine the three matrices Vν , VeL and VeR. The data
from neutrino physics provide certain knowledge about
the mixing matrix OW . From it we can infer Vν and
VeL. However we do not dispose of sufficient data to
determine VeR and this gives us some room to make a
key assumption in this work, namely, imposing that VeR
mimics VeL. The reason behind such an assumption is
that it realizes our proposal of circumventing the M −M
bounds in the 3-3-1 model in a neat way, as we expose
next. We then finish this section by commenting about
the phenomenological status of this scenario.
Let us first determine the pattern of OW . The re-
cent analysis of atmospheric neutrino still favors νµ −
ντ oscillation with an almost maximal mixing 0.92 <
sin2 2θatm ≤ 1.0 at 90 % C.L. [11]. We also have
that the oscillation among νe − νµ is almost settled as
the explanation for the solar neutrino problem. Here
the recent results allow 0.25 ≤ sin2 θsun ≤ 0.40 and
0.6 ≤ cos2 θsun ≤ 0.75 (90 % C.L.) [12]. Since the
CHOOZ experiment failed to see the disappearance of
ν¯e, we also have 0 ≤ sin2 2θchz < 0.1 (90 % C.L.) [13].
For our proposal, we can fix the angles θatm (θ23) and
θchz ( θ13), which is straightforwardly done by taking
the best fit for θatm = 45
◦, while θchz = 0◦, in agreement
with the above presented results. The angle involved in
the solar neutrino oscillation (θ12) is the one that allows
for a certain range of values, and it can be kept as a free
parameter in our investigation. We are left then with the
so called maximal mixing pattern for OW ,
OW =

 c s 0−s√
2
c√
2
1√
2
s√
2
− c√
2
1√
2

 , (6)
where we have used the short form sin θsun = s and
cos θsun = c.
A non-diagonal charged lepton mass basis means that
both, VeL and Vν , are non trivial. The only way of sep-
arating Eq. (6) in these two matrices is to have maxi-
mal mixing between νµ and ντ coming from the charged
lepton sector and the mixing in the νe to νµ oscillation
coming from the neutrino sector. In order to disentangle
the contributions of the distinct diagonalization matrices
to OW given by Eq. (6), we dissociate it as:
OW =

 c s 0−s√
2
c√
2
1√
2
s√
2
− c√
2
1√
2


=

 1 0 00 1√
2
1√
2
0 − 1√
2
1√
2

×

 c s 0−s c 0
0 0 1

 , (7)
3which is the only way of doing it since otherwise we would
inevitably get a large θchz. From this matrix equation we
can easily recognize the contribution from the charged
lepton sector (remembering that OW = V TeLVν),
VeL =

 1 0 00 1√
2
− 1√
2
0 1√
2
1√
2

 , (8)
and the contribution from the neutrino sector,
Vν =

 c s 0−s c 0
0 0 1

 . (9)
In this way the neutrino sector gets responsible for the
mixing related to the solar neutrino oscillation, and the
charged lepton sector to the maximal mixing related to
the atmospheric neutrino oscillation.
Let us take OV = V TeRVν and dissociate it as the prod-
uct of three rotation matrices:
OV =

 1 0 00 c23 s23
0 −s23 c23

×

 c13 0 s130 1 0
−s13 0 c13


×

 c12 s12 0−s12 c12 0
0 0 1

 . (10)
It is easy to recognize the last matrix at the right hand
side of Eq. (10) as the neutrino mixing matrix given in
Eq. (9). In this way let us take the usual notation c12 = c
and s12 = s. The other two matrices must form the VeR
mixing matrix,
V TeR =

 1 0 00 c23 s23
0 −s23 c23

×

 c13 0 s130 1 0
−s13 0 c13


=

 c13 0 s13−s23s13 c23 s23c13
−c23s13 −s23 c23c13

 . (11)
Since there is no information about the angles in the
matrix VeR we can, for convenience, assume that the
charged current mediated by V ± does not contrast with
the physics experimentally established by the charged
current mediated by W±. For that reason we adopt in
Eq. (11) θ13 = 0, and θ23 maximal. This choice accom-
plishes the goal of delivering the 3-3-1 model out of the
M −M bound if we require that the maximal angle be
negative, that is, θ23 = −45◦. With these assumptions
we get
VeR =

 1 0 00 1√
2
1√
2
0 − 1√
2
1√
2

 . (12)
The matrices in Eqs. (8), (9), and (12) determine the
leptonic mixing in the 3-3-1 model. OW is given by
Eq. (6) and the other two are
OU = V TeRVeL =

 1 0 00 0 −1
0 1 0

 ,
OV = V TeLVν =

 c s 0− s√
2
c√
2
− 1√
2
s√
2
− c√
2
1√
2

 . (13)
The M −M conversion is proportional to the product
of OUee and O
U
µµ. According to the pattern of leptonic
mixing given above we have OUµµ = 0, which completely
eliminates the M −M conversion from the 3-3-1 model
at tree level and, consequently, the bound on the vector
bilepton mass.
Finally, once we have the pattern of leptonic mixing, it
is imperative to establish the textures of the lepton mass
matrices that lead to such a pattern. With Vν , VeR and
VeL given by Eqs. (8), (9) and (12), respectively, we are
able to obtain the textures of the neutrino and charged
lepton mass matrices through Eq. (3).
Taking MDν = diag(m1,m2,m3), the mixing Vν given
in Eq. (9) leads to the following texture for the neutrino
mass matrix:
Mν = VνM
D
ν V
T
ν
=
(
m1c
2 +m2s
2 (m2 −m1)cs 0
(m2 −m1)cs m1s
2 +m2c
2 0
0 0 m3
)
. (14)
similarly, taking MDl = diag(me,mµ,mτ ), the mixing
matrices VeL and VeR given by the respective Eqs. (8)
and (12), lead to the following texture for the charged
lepton mass matrix,
Ml = VeLM
D
l V
†
eR
=
(
me 0 0
0 (mµ −mτ )/2 −(mµ +mτ )/2
0 (mµ +mτ )/2 −(mµ −mτ )/2
)
.
(15)
Extensions of the minimal 3-3-1 model that realize our
proposal must recover the above textures.
In order to assure the feasibility of this proposal, let
us implement an illustrative scenario which leads to the
pattern of lepton mixing presented in (14) and (15). Let
us first focus on the matrix Ml in (15). Perceive that its
unique non-diagonal element different from zero is anti-
symmetric. This can be obtained by the scalar triplet
η once its Yukawa interaction in (1) gives rise to anti-
symmetric entries. The diagonal elements can be gener-
ated by the sextet S. Then the Yukawa interactions in
(1), with specific choice of the Yukawa couplings Gab and
Fab, can generate the matrix Ml in (15).
It is the generation of Mν given in (14) that requires
extension of the minimal model. As we are considering
only an illustrative scenario, one immediate possibility of
4extension is the inclusion of a second sextet, S′, with the
Yukawa interaction
LYν =
1
2
G′ab(ΨaL)cS
′∗ΨbL . (16)
This extension in conjunction with the type II seesaw
mechanism developed in Ref. [6], and appropriated choice
of the Yukawa couplings, G′ab, can generate the pattern
of Mν given in (14).
We finish this section discussing features potentially re-
strictive for our proposal due to the form of OU in (13),
since not only rare decays are possible, but also the cou-
pling of the doubly charged vector bilepton to fermions is
maximal (equal to g/
√
2) in some cases, leading to pos-
sibly serious constraints on its mass. For this reason we
discuss now the possible phenomenological constraints on
the proposed extension to the minimal model.
The phenomenology of vector bileptons is well studied
in Ref. [14], and here we just update the main results
relevant for this work. First, the rare decay involving
the doubly charged vector bilepton, from the form of
OU in Eq. (13), is the one which mixes the muon and
tau, τ+ → µ−e+e−. This decay roughly gives (assuming
g ∼ 0.1 as for the analysis ofM −M) MU++ ≥ 0.16 TeV,
representing no threat to the model consistency. Because
OUee = 1 we can also have contributions to the Bhabha
scattering. However, in the realm of the 3-3-1 model we
have to consider the contribution of the Z ′ as well. The
contributions of U++ and the Z ′ have negative interfer-
ence terms that blurs the possible effects of the bilepton,
implying that no limits on its mass can be extracted from
the experimental data. Finally, another possible source
of constraint on U++ mass would be the anomalous mag-
netic moment of the muon, (g−2)µ. However, due to the
uncertainties related to the hadronic contribution, the de-
viation from the SM prediction is not enough to put any
severe constraint on the vector bilepton mass. In this
sense, the bound imposed by consistency of the model
remains valid in our suggested scenario.
IV. CONCLUDING REMARKS
In this work we focused on the possibility of the lep-
tonic mixing to help finding a way out to avoid theM−M
bound on MU++ . By assuming that right-handed and
left-handed charged leptons both present maximal mix-
ing, we arrived at a pattern of leptonic mixing which ac-
commodates the recent experimental result in neutrino
physics and eliminates the contribution of the bileptons
to the M − M conversion[15]. Of course we have no
knowledge of the actual values for the angles in the right-
handed charged lepton mixing matrix, but the specific
choice we made represents a possible conciliation of min-
imal 3-3-1 model with both, neutrino physics and the
bound posed by M −M conversion.
For completeness we presented the texture for neutrino
and charged lepton mass matrices in accordance with the
pattern of leptonic mixing used in solving the M − M
problem. It serves as a sort of guide to build extensions
of the model capable of recovering our pattern of mix-
ing. Finally we suggested a simple scenario that could
realize our proposal. It is suitable to remark that the
inconsistency raised by the M−M bound in 3-3-1 model
may be pointing the need of considering charged leptons
a non-diagonal basis.
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